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Abstract
We settle an open case for the spectrum of sizes of maximal partial spreads in PGð3; qÞ by
constructing an MPS of deﬁciency q þ 1 for all even qX8:
r 2003 Elsevier Science (USA). All rights reserved.
Packing ﬁnite projective spaces with disjoint subspaces has for many years been a
topic of considerable interest in Galois Geometry. In particular, one studies partial
spreads, that is, collections of pairwise disjoint lines in a space PGð3; qÞ; see
Hirschfeld [7] for background. A set of r mutually skew lines for which any other line
meets at least one line of the set will be referred to as a maximal partial spread (MPS)
of size r and deficiency d ¼ q2 þ 1 r; since a spread has size q2 þ 1: Determining the
spectrum of all possible values of r (or d) is a problem which has been extensively
studied. By now, the following general constructive results are known; we will
neither state any lower or upper bounds in this note nor some further isolated
existence results but refer to [2,9] for a brief discussion of such results.
Result 1. (i) In PGð3; qÞ; qX7 odd, there are maximal partial spreads of any size
between q
2þ1
2
þ 6 and q2  q þ 2 (Heden [4–6]).
(ii) In PGð3; qÞ; q4q0 even, there are maximal partial spreads of any size r between
5q2þqþ16
8
and q2  q þ 2 [3], with the possible exception of r ¼ q2  q:
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It is our aim to remove the annoying exceptional case in part (ii) of the preceding
result by proving
Theorem 2. There exists a maximal partial spread of deficiency q þ 1 in PGð3; qÞ for
all even qX4:
We may assume qX8 in what follows, as the maximal partial spreads of PGð3; 4Þ
were recently classiﬁed via a computer search (up to projective equivalence) by
Soicher [11]. In particular, there are precisely six non-equivalent examples for d ¼ 5;
r ¼ 12: Indeed our proof does not work for q ¼ 4:
We had claimed Theorem 2 in passing in our paper [10], but unfortunately the
proof sketched there is incorrect. As the result is used by Ga´cs and Sz +onyi [2] for
their constructions of maximal partial line spreads in higher-dimensional projective
spaces, it seems a good idea to present a correct proof. As in our failed previous
attempt, we will make use of a method introduced by the ﬁrst author in [8], but we
need to pay more attention to the details than before. The basic result from [8] which
we require is as follows:
Result 3. LetS be a regular spread in P ¼ PGð3; qÞ; where qX4; and let R0 and R1
be two reguli in S which intersect in exactly two lines, say L and M: Let U denote
the partial spread of deﬁciency 2q obtained by omitting the 2q lines in R0,R1; and
let L be a set of lines in P satisfying the following conditions:
(a) L is contained in the union R00,R01 of the opposite reguli of R0 and R1:
(b) Each point in L,M is on at most one line of L:
(c) L contains at least one line from each of R00 and R
0
1:
(d) For each line GAðR00,R01Þ\L; at least one of the two points of intersection of G
with L,M is on a line of L:
Then the set F ¼ U,L is a maximal partial spread in P with deﬁciency
d ¼ 2q  jLj:
In order to apply this result, we use the same approach as in [8]. Thus we view
V ¼ GFðq4Þ as a two-dimensional vector space over its subﬁeld K ¼ GFðq2Þ; say
with basis f1; dg; which in turn is a two-dimensional vector space over the subﬁeld
F ¼ GFðqÞ: Now any basis f1; eg of K over F gives rise to a basis of the four-
dimensional vector space V over F ; namely f1; e; d; edg: Then
S ¼ faK : aAV \f0gg ð1Þ
is a regular spread of the projective space P ¼ PGð3; qÞ; see, for instance, [1, Lemma
IX.9.19]. We shall use the two reguli R0 and R1 contained inS and sharing the two
lines L ¼ 1K and M ¼ dK which—together with their opposite reguli—are given
explicitly as follows:
R0 ¼ fLg,fSl ¼ ðlþ dÞK : lAFg; ð2Þ
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R1 ¼ fLg,fTl ¼ ðlþ edÞK : lAFg; ð3Þ
R00 ¼ fL0 ¼ F þ dFg,fS0m ¼ ðmþ eÞF þ ðmþ eÞdF : mAFg; ð4Þ
R01 ¼ fL00 ¼ F þ edFg,fT 0m ¼ ðmþ eÞF þ ðmþ eÞedF : mAFg: ð5Þ
Proof of Theorem 2. It is clear that the computations which follow will depend on
the choice of the base element e of K ; since the term e2 appears in the deﬁnition of the
lines T 0m: Hence we start by selecting an irreducible polynomial f ðxÞ ¼ x2 þ bx þ g
over GFðqÞ; q even, in a suitable way, and let e be a root of f : To this end, we ﬁrst
pick any ba0; 1 in F : We claim that we may choose g in such a way that
gab; bþ 1; b
2
bþ 1: ð6Þ
This follows from a trivial counting argument: there are exactly q=2 choices for g
resulting in a reducible polynomial, as a is a root of x2 þ bx þ g if and only if aþ b
is. Since qX8 and as g ¼ 0 gives a reducible polynomial, the additional conditions in
(6) may certainly be satisﬁed. We now deﬁne a set L of q  1 lines by putting
L ¼ fS00; S01g,ðR01\AÞ; where A ¼ fT 00; L00; T 01; T 0bþgg; ð7Þ
and claim thatL satisﬁes the conditions in Result 3. This is obvious for (a) and (c).
Now observe that the four points of L,M covered by the lines S00 and S01 are the
points in the set
A ¼ feF ; edF ; ð1þ eÞF ; ð1þ eÞdFg
and that the lines of R01 through the points of A are just the lines inA; this is clear,
with the possible exception of the line T 0bþg: But this line indeed contains the point
ð1þ eÞdF ¼ gð1þ eÞdF ; as ðbþ gþ eÞe ¼ geþ g because of e2 ¼ beþ g: This
establishes the validity of condition (b) and also of condition (d) for lines from
R01: Moreover, in view of the condition gab; bþ 1; the lines in A are actually
distinct and hence contain four more points of L,M; namely the points in the set
B ¼ fðbeþ gÞdF ; F ; ðð1þ bÞeþ gÞdF ; ðbþ gþ eÞFg:
It now sufﬁces to check that no two of the four points in B are joined by a line in R00
in order to establish condition (d) also for lines from R00: But the line in R
0
0 through
the point F is L0 which intersects M in the point dFeB; and the line in R00 through
the point ðbþ gþ eÞF is S0bþg which intersects M in the point ðbþ gþ eÞdF ; again,
this point does not belong to B; which is easily checked using the conditions
ga b
2
bþ1; bþ 1: Hence L indeed satisﬁes the hypotheses of Result 3, and we have
established Theorem 2. &
We conclude with some remarks. Firstly, the mistake in our previous attempt to
prove Theorem 2 was to try and work with an irreducible polynomial f with b ¼ 1;
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what goes wrong then is that the line L0 will join the two points F and gdF ¼ dF
of B:
Secondly, let us note that there is no irreducible polynomial of the form f ðxÞ ¼
x2 þ bx þ g satisfying condition (6) over GFð4Þ: Actually, Result 3 cannot be applied
at all in this situation, which is seen as follows. We would need to select three lines
from the complementary reguli R00 and R
0
1; say two from R
0
0 and one from R
0
1: If we
draw the lines L and M as two horizontal lines and the lines of R00 as ﬁve vertical
lines, then there are three vertical lines of which nothing is yet blocked by the nine
lines inU and the two lines selected fromR00: The unique line ofR
0
1 which we still are
allowed to take only can intersect two of these three vertical lines; so whatever
happens, there is still a third line of R00 extending our partial spread.
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